
Physics 6553 : Problem Set 3
Due Thursday , Sept 24, 2008

1. [10 points] Local representations of metrics:

a. Let P be a point in a manifold M , and let ~eα(P) be an arbitrary basis of the tangent space TP(M).
Show that one can always find a coordinate system {xα} such that

~eα(P) =

(

∂

∂xα

)

P

.

b. By combining part a. with Q5 from homework 1, show that if g is a metric on a manifold M , given a
point P, one can always find coordinates xα such that gαβ(P) is diagonal with diagonal elements ±1.

c. Show that one can further specialize the choice of coordinate system {xα} such that

∂gαβ

∂xγ
(P) = 0.

Such coordinates are called, in the context of general relativity, local Lorentz coordinates adapted to the
point P. [Hint: start with a general coordinate system with xα(P) = 0, use a coordinate transformation
of the form

yα(xβ) = aα + bα
βxβ + cα

βγxβxγ + O(x3),

compute the metric in the new coordinate system, and choose the constants aα, bα
β and cα

βγ suitably].

2. [10 points] Differentiating tensors:

a. Let f be a function and ~v = vα∂α be a vector field on a manifold M . Define, in each coordinate system
{xα}, the quantities

wα = f,α ≡
∂f

∂xα

and

sα
β = vα

,β ≡
∂vα

∂xβ
.

Show that wα is a tensor, i.e., that it transforms between coordinate systems according to the tensor
transformation law, but that sα

β does not.

b. Let M be a manifold, and let xα and xᾱ be two overlapping coordinate systems defined on M . Let ∇
be a connection on M . Show that the coefficients of the connection Γα

βγ on the coordinate system xα

are related to the corresponding coefficients Γᾱ
β̄γ̄

by

Γᾱ
β̄γ̄

=
∂xᾱ

∂xα

∂xβ

∂xβ̄

∂xγ

∂xγ̄
Γα

βγ +
∂xᾱ

∂xα

∂2xα

∂xβ̄∂xγ̄
.

3. [6 points] Non-coordinate Bases:

a. Give an example of two linearly independent, nowhere-vanishing vector fields in R2 whose commutator
does not vanish. Such fields form a basis of the tangent space at each point, but it is not a coordinate
basis for any choice of coordinates. Can you find a similar basis on the 2-sphere?

b. Let ~eα̂ = e
µ
α̂∂µ be a non-coordinate basis with dual basis of 1 forms θα̂ , and define the connection

coefficients Γα̂

β̂γ̂
by

∇~eα̂ = Γβ̂
α̂γ̂ ~e

β̂
⊗ θγ̂ .

Show that for any vector field ~v = vα̂~eα̂,

(∇~v)
β̂
γ̂ =

(

eσ
γ̂∂σ

)

vβ̂ + Γβ̂
α̂γ̂vα̂.


