Physics 6553 : Problem Set 5

Due Thursday , Oct 9, 2008

1. Curvature on a Non-coordinate Bases: [10 points] Consider a manifold together with a set of vectors
€5 that form a basis at every point. The components of the metric on this basis are P%E The connection
coefficients Fga are defined by the equation Vg, €5 = r

B
defined by [5@, 53] =c, ¢,

€5, and the commutation coeflicients ¢, BW are
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a. Using the identity Vz0 — Vi = [, 0], show that o = FB& b

b. By acting on 9sp = €s - €5 with the differential operator Ve, , show that

where the quantity on the right hand side is €5(g, B)'

¢. By combining the results of parts a. and b., show that the connection coefficients are given by
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where c, 4y = 93¢, B’A‘ . The first three terms in square brackets vanish for the case of an orthonormal
basis, where g, ; are constants, and the last three terms vanish for the case of a coordinate basis, for
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which Caﬁ =0.

d. Show that the components of the Riemann tensor are
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Note that, unlike the case for a coordinate basis, the ordering of the indices on the connection coefficients

in this formula is important, since the connection coefficients are no longer symmetric.

[Hint: You should be able to do this problem without ever referring to a coordinate system or to coordinate
components of tensors.]

2. [10 points] Spherically symmetric spacetime: Consider the spacetime with coordinates (¢,r,6,¢) and
metric

ds? = —e2®M g2 4 MM gp? 4 r2(df? + sin® Odp?).

We define an orthonormal basis by &; = e~ %9;, é; = e Mo, €; = (1/r)0g and €3 = (1/rsin6)0,. Show that
the nonvanishing, orthonormal-basis components of the Einstein tensor are
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and )
G5 = Gop = ;6—2" (@ + (@) — A (1+r®) +rd"].



3. [10 points] Geometric interpretation of the Riemann Tensor: Let S be a two dimensional surface in a
manifold parameterized by two coordinates s and ¢, so that 2% = 2%(¢,s). Let P be the point s =0, t = 0,
and for any € > 0 consider the closed curve T'; in M consisting of the four segments 2% = z%(u) for 0 <u < ¢
with

() a(w) =a®(w,0), (i) a°(u)=a"(cu),

(791) x%(u) = 2%(e —u,e), (i) a%(u) =20, —u).

That is, I'. starts at P, moves along the s = 0 curve, then along the t = € curve, then back along the s = ¢
curve, then completes the quadrilateral back to P. Let A. be the holonomy of the curve I'., that is, the
linear map from Tp (M) to Tp (M) obtained by parallel transporting vectors around I'.. Show that for any
vector v® at P,

(AD)* = v + 52Rw50‘ t7s%0° 4 O(e?),

where s is the vector 9/9s at P and t* is the vector 9/t at P.

4. [5 points] Properties of the Riemann tensor: Consider tensors over an n-dimensional vector space V with
n > 3. Let S be the space of (0,4) tensors Rapcq satisfying the symmetries Rqp)cq = 0 and Rapea = Redab-
In lecture we argued that the dimension of § is N(N + 1)/2 where N = n(n —1)/2. Let R be the subspace
of § consisting of tensors that satisfy the additional symmetry R,p)q = 0; the dimension of R is then the
number of independent components of the Riemann tensor.

a. Show that S = R @ 7, where 7 is the space of completely antisymmetric (0,4) tensors on V. [Hint:
show that every element of S can be expressed uniquely as the sum of an element of R and an element
of T

b. Argue that the dimension of 7 is n(n —1)(n —2)(n — 3)/4!, and deduce that the number of independent
components of the Riemann tensor is n?(n? —1)/12.

c. Show that the Weyl tensor Cp.q defined by
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has the same symmetry properties as the Riemann tensor R,;.q and is traceless on all pairs of indices.



